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1 Introduction

In financial markets, macroeconomic variables are often perceived as
exhibiting irregular behavior and are accepted as random. Economists,
however, linearize these variables using linear techniques that are relatively
simpler in terms of inference. Chaos theory, which explains irregular
behavior, offers a more realistic approach to modeling complex patterns of
macroeconomic variables. Generally, chaos theory is a branch of mathematics
that studies chaotic dynamic systems. Systems that become disordered may
appear random but, in fact, follow patterns and deterministic rules that are
highly sensitive to conditions. One of the applications of chaos theory is to
explain the behavior of financial markets, such as the stock market. Indeed,
the stock market and other similar markets are complex systems with chaotic
behavior. In economics, money and financial markets are among the most
suitable cases for applying chaos theory because if the process of determining
monetary variables (Monetary variables in capital markets refer to quantitative
measures that reflect the supply and demand of money and credit within these
markets. They encompass various economic indicators that influence
investment decisions and market behavior; such as VIX (Volatility Index),
Liquidity Metrics: Indicators of market depth and trading efficiency, Credit
Spreads: Differences in yields between corporate bonds and government
securities, Interest Rates and Exchange Rates) follows a certain non-linear
process, their changes can be predicted. If the final order in the process of
monetary variables is discovered, it is possible to achieve profits. Regarding
the non-linear relationship and chaos in stock indices, researchers have
conducted several research studies (Vogl, 2024; Fang & Xu, 2003; Kazem et
al., 2013; Shively, 2003; Alves et al., 2018; Abhyankar et al., 1995; Spelta et
al., 2022; Wen et al., 2012; Shintani & Linton, 2004; Hsieh 1991;
Klioutchnikov et al., 2017; Abhyankar et al., 1997; Small & Tse, 2003;
Ozdemir & Cakan 2007; Salami, 2002; Moshiri & Forootan 2004).

Most researchers posit that financial markets operate according to non-
linear processes (Thomaidis and Roumpis, 2010), which can be approximated
through linear predictions, thereby offering a viable framework for forecasting
the future trajectory of financial variables. Findings from Mramor & Kosta
(1997) and Pahor & Mramor (2001) corroborate the existence of a non-linear
relationship, challenging the conventional wisdom that stock returns are
linearly related to financial variables. If predictability, in essence, is attained,
the subsequent steps involve modeling the process, estimating model
parameters, and making forecasts. Figure 1 illustrates the fluctuations of the
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global index. The confirmation of non-linear dynamics implies predictability
in a structural sense, meaning that future price movements are not purely
random but are partially governed by deterministic patterns embedded in the
data-generating process. In this context, predictability does not suggest exact
point forecasting; rather, it indicates the existence of exploitable temporal
dependence and state-dependent behavior arising from non-linear interactions
among market forces. Figure 1 depicts the long-term evolution of the Dow
Jones Industrial Average (DJI), revealing a pronounced upward trend
punctuated by abrupt regime shifts, volatility clustering, and sharp drawdowns
most notably during periods of systemic stress such as the global financial
crisis and the COVID-19 shock. These sudden collapses followed by rapid
recoveries, along with alternating phases of calm and turbulence, are
inconsistent with linear stochastic models and instead reflect hallmark features
of chaotic systems, including sensitivity to initial conditions and non-
proportional responses to shocks. The coexistence of long-run growth with
intermittent, irregular fluctuations suggests that the DJI operates under a non-
linear deterministic structure masked by apparent randomness. Consequently,
Figure 1 provides visual and empirical motivation for adopting chaos theory
and non-linear analytical frameworks to capture the hidden symmetries and
dynamic instabilities governing international financial markets.
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Figure 1. Trend Dynamics of the Dow Jones Industrial Average (DJI)
Source: Research findings

The confirmation of non-linear dynamics implies predictability in a
structural sense, meaning that future price movements are not purely random
but are partially governed by deterministic patterns embedded in the data-
generating process. In this context, predictability does not suggest exact point
forecasting; rather, it indicates the existence of exploitable temporal
dependence and state-dependent behavior arising from non-linear interactions
among market forces. Figure 1 depicts the long-term evolution of the Dow
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Jones Industrial Average (DJI), revealing a pronounced upward trend
punctuated by abrupt regime shifts, volatility clustering, and sharp drawdowns
most notably during periods of systemic stress such as the global financial
crisis and the COVID-19 shock. These sudden collapses followed by rapid
recoveries, along with alternating phases of calm and turbulence, are
inconsistent with linear stochastic models and instead reflect hallmark features
of chaotic systems, including sensitivity to initial conditions and non-
proportional responses to shocks. The coexistence of long-run growth with
intermittent, irregular fluctuations suggests that the DJI operates under a non-
linear deterministic structure masked by apparent randomness. Consequently,
Figure 1 provides visual and empirical motivation for adopting chaos theory
and non-linear analytical frameworks to capture the hidden symmetries and
dynamic instabilities governing international financial markets. In addition,
the VIX index, commonly referred to as the "fear gauge," provides a real-time
measure of market volatility and investor sentiment. Its fluctuations can reflect
the underlying non-linear and potentially chaotic dynamics of financial
markets, with elevated VIX levels indicating heightened uncertainty and
reduced short-term predictability, while periods of lower VIX suggest more
stable market conditions conducive to forecasting.

Whaley (2009) provided further studies to generalize the concept of
oscillation. The VIX index, developed in 1993 using stock options of the
Chicago Board of Directors and modified in 2003 to reflect changing investor
sentiment, is considered a promising economic indicator that reflects investor
sentiment based on market participants' behavioral expectations. Whaley
(2000) demonstrated that the VIX is a promising economic indicator,
reflecting investor sentiments based on the behavioral expectations of market
participants. Consequently, it is considered an essential indicator of future
stock market risk. Therefore, it is crucial to pay attention to the VIX in
research related to forecasting stock market trends, stock returns, and changes
in VIX, as neglecting it can lead to errors in decision-making, management,
and ultimately, policy recommendations. Previous research has examined the
relationship between VIX indices and stock market fluctuations, as evidenced
by studies conducted by Amengual and Xiu (2018), Magner et al. (2021),
Huang et al. (2019), Whaley (2000), DeLisle et al. (2011), Liu and Fan (2013).
In Figure 2 presents the empirical evolution of the Volatility Index (V1X), a
paramount gauge of market risk and investor sentiment derived from S&P 500
index option prices. The plotted trajectory serves as a critical empirical
backbone for our investigation into hidden symmetries and non-linear
dynamics in financial markets. The observed time series is not a random walk
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but exhibits distinct regimes and punctuated, explosive spikes, most notably
during the 2008 Global Financial Crisis and the 2020 COVID-19 pandemic
shock, interspersed with prolonged periods of suppressed volatility. These
structural breaks and transitions between high and low volatility states are
quintessential manifestations of the non-linear, regime-dependent behavior
theorized in our analysis. The apparent clustering of volatility and the
asymmetry in its ascent and decay phases provide visual, empirical evidence
of the underlying complex system's dynamics. This chart substantiates our
core premise: that financial market volatility, as proxied by the VIX, embodies
fractal patterns and hidden symmetries that are only decipherable through non-
linear analytical frameworks, moving beyond traditional linear models to
reveal the deep structural organization governing market stress and stability
across international financial ecosystems..
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Figure 2. Time Dynamics of the VIX Index
Source: Research findings

The primary objective of this study is to examine the presence of chaotic
dynamics in stock markets and their implications for understanding and
anticipating market behavior, using a non-linear analytical framework that
uncovers hidden structures and patterns within financial time series.
Forecasting in this context aims to reduce investment and trading risk by
identifying periods of heightened market volatility and irregularity, allowing
market participants to adjust their strategies through tools such as volatility-
based risk management, position sizing, and timing of trades. Although no
prediction can be perfectly accurate, employing non-linear and chaos-based
methodologies can improve the quality of forecasts by capturing complex
interactions that traditional linear models may overlook, thereby enhancing
decision-making under uncertainty. Numerous studies have been conducted in
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the field of forecasting stock market trends, including works by Li & Sun
(2023), Liu & et al. (2022), Vogl (2024), Kazem et al. (2013) and Alves et al.
(2018). The random walk theory posits that price changes from one transaction
to another are independent of each other, and that trend analysis is an
unreliable guide for determining future prices, making prediction impossible
(Zakikhani, 2007). However, linear models based on time series econometric
methodologies, in some cases, successfully provide short-term forecasts.
Despite their reliance on a random process, long-term forecasts from such
models are more prone to errors and deviations from the actual path.

Conversely, it is conceivable that the residuals in linear models are not
random, a situation that contradicts the fundamental assumption of the
randomness of these models' structure. This contradiction and deviation in
analysis and prediction necessitate modifications to these models to enhance
prediction accuracy. As a result, the research explores a novel methodology
termed non-linear dynamic systems, specifically referring to chaos
(Abrishami et al, 2002). In the current study, various tests are employed to
investigate the predictability of market trends using the chaos approach. The
primary challenge is identifying the means to detect hidden order in very
chaotic complex systems. If such order is identified, it becomes feasible to
predict fluctuations and market trends. From the perspective of chaos theory,
complex systems may appear chaotic, irregular, and random, yet they are
governed by a specific flow with a mathematical formula. This concept is
often expressed as specified chaos, based on the theory of Nonlinear Growth
with Feedback (NGWF).

The Problem Statement of this research revolves around the fact that
financial markets are often perceived as exhibiting chaotic and random
behaviors, which are generally modeled using linear techniques. However,
these linear models fail to capture the complex, non-linear dynamics that
govern market fluctuations. Despite evidence suggesting that financial
markets follow non-linear processes, traditional models persist in dominating
financial analysis. Chaos theory, which offers a more accurate representation
of seemingly random systems by revealing hidden deterministic patterns, has
not been fully applied to stock markets at the international level. Therefore,
the challenge lies in detecting and understanding these hidden symmetries to
improve predictive accuracy and risk management, particularly during volatile
and crisis-stricken periods, which in this study are analytically defined as
episodes of abrupt structural breaks, extreme volatility spikes, or major
macroeconomic shocks captured through sudden jumps in stock indices and
regime changes.
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The structure of this research is organized into several key sections:
Section 1: Introduction, which outlines the research problem, objectives, and
significance; Section 2: Literature Review, summarizing previous studies on
chaos theory and its application in financial markets; Section 3: Methodology,
detailing the research design, data collection, and analytical techniques used;
Section 4: Empirical Analysis, presenting the findings of the study; and
Section 5: Discussion and Conclusion, summarizing key findings,
contributions, and suggesting future research directions.

2 Literature Review

The Literature Review of this study provides a comprehensive examination of
the existing research on chaos theory and its application to financial markets.
It explores the key theoretical foundations, models, and empirical findings
related to the non-linear dynamics that govern market behavior. By reviewing
a wide range of studies, this section highlights the gaps in the current
literature, particularly the lack of thorough application of chaos theory to
international stock markets, and establishes the theoretical framework that
underpins the research. The review also delves into the key concepts relevant
to the study, providing a solid foundation for the research's theoretical
approach.

2.1 Chaos Theory and Non-linear Processes

Chaos theory examines how seemingly unpredictable systems can exhibit
hidden structures and regularities. A chaotic process is the product of a
nonlinear dynamic system; most researchers concur that financial markets
operate on a hon-linear process. A chaotic process is the product of a nonlinear
dynamic system; most researchers concur that financial markets operate on a
non-linear process (Thomaidis & Roumpis, 2010). Consequently, linear
models may not yield suitable results for forecasting the future trajectory of
financial variables. These systems have been observed in both natural
phenomena and human behavior. A distinctive feature of chaotic dynamical
systems is their deterministic nature, despite being sensitive to initial
conditions (Altan et al., 2019). This sensitivity means that even minor
fluctuations or changes in initial conditions can prevent precise long-term
predictions. However, according to chaos theory, if a system is examined over
a period of time, observing the system'’s states at different moments reveals
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the inherent order within the system. Even the most unpredictable (chaotic)
systems operate within certain boundaries, never deviating from them. Within
apparent disorder and chaos, there often exists a pattern of order that is
surprisingly beautiful (Tehrani et al., 2011). In fact, a system with a chaotic
process generates oscillations with an essentially infinite period. Conversely,
a chaotic system creates cycles that never repeat within the studied period.
Non-repetitive cycles in a chaotic system arise due to its nonlinear boundaries,
leading to movements that stretch backward and forward, not aligning with
previous paths. These forward and backward movements make a chaotic
system sensitive to its initial conditions. If one or more values of the initial
conditions change very slightly, the new system's time path will exponentially
diverge from its previous path. This sensitivity is a critical feature of chaotic
systems, prompting the use of tests to identify chaotic processes. The
following section presents five key characteristics of chaotic processes.

2.2 Key Concepts in Chaos Theory

In this section of the paper, we explore the core concepts of chaos theory,
including strange attractors, self-similarity, sudden structural breaks, the
butterfly effect, and dynamic adaptation. These concepts form the foundation
for understanding the behavior of chaotic systems and their application in
complex systems, such as financial markets. By delving into these principles,
we aim to provide a clearer understanding of the intricate dynamics that
govern both natural and financial phenomena.

2.2.1 Strange Attractors

In the realm of chaotic systems, attractors exhibit a complex and enigmatic
nature. A complex attractor is defined as an uncountable set of points within
which all time paths that began inside it remain, while all time paths adjacent
to it are drawn towards it. Time paths initiated within such an attractor can
either be non-intermittent or can repeat in a predetermined number of
instances. Unlike other attractors, which possess some degree of order and
predictability, strange attractors are characterized by their disorder, hence the
term “strange attractors.” These attractors are perceived as chaotic from
certain perspectives but exhibit order from others. If the scope of observation
is expanded, it becomes possible to identify strange attractors, thereby
enhancing predictive capabilities.

2.2.2 Self Similarity
In the realm of chaos theory, a remarkable form of similarity exists where each
part of a system mirrors the entirety, revealing patterns that are identical across
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scales. This concept, known as self-similarity, is akin to shattering a mirror;
each fragment is a reflection of the entire mirror, highlighting the system's
ability to replicate its structure at various levels (Alvani & Danayi Fard, 1999).
This principle underscores the complexity and order inherent in chaotic
systems, offering insights into the intricate patterns found in nature and
financial markets.

2.2.3 Sudden Structural Breaks in the Time Path

Chaotic series may exhibit sudden structural breaks at various stages of their
time series. This phenomenon suggests that the behavior of a chaotic series is
fundamentally distinct from that of a random series. A chaotic series indeed
follows a specific process, characterized by large random disturbances
occurring at random intervals. If the behavior of a series originates from a
random process, it is not predictable. However, if it arises from a chaotic
process, despite its complexity and apparent randomness, it is predictable due
to the deterministic nature of the process (Moshiri, 2002). Figure 3 vividly
illustrates the phenomenon of sudden structural breaks within the DJI time
path, characterized by abrupt, high-magnitude shifts in volatility that
punctuate periods of relative stability. These discontinuous jumps and regime
changes are quintessential manifestations of chaotic dynamics in financial
markets, reflecting the system's inherent non-linearity and sensitivity to
external shocks or internal critical thresholds. The irregular and unpredictable
timing of these breaks, alongside their fractal-like occurrence across different
time scales, aligns with the core tenets of chaos theory, such as the Butterfly
Effect and strange attractors, where deterministic, non-linear systems produce
seemingly random, aperiodic outcomes. This pattern underscores that market
evolution is not merely stochastic but is driven by complex, adaptive
dynamics, where structural breaks represent pivotal transitions between
different chaotic attractors, thereby revealing the hidden, discontinuous order
within the apparent market turbulence.
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Figure 3. Structural Breaks in the Time Path of the Dow Jones Index
Source: Research findings

2.2.4 Butterfly Effect

Many natural phenomena exhibiting chaotic time series are highly sensitive to
initial conditions. This means that two time series with chaotic processes but
very close initial conditions will diverge significantly over time, presenting as
entirely distinct time series. The closer the initial conditions of two series are,
the longer their time paths remain similar (Baumol & Benhabib, 1989).
Numerous studies in the financial field demonstrate that even minor or
transient changes in the initial conditions of a system can lead to substantial,
unpredictable shifts in future outcomes. This phenomenon underscores the
inherent chaos of the world in which we live, making accurate prediction
nearly impossible. The stock market exemplifies this chaotic nature. The
Lyapunov exponent test can be employed to measure the butterfly effect,
illustrating the sensitivity of chaotic systems to initial conditions.

2.2.5 Dynamic Adaptation

Disordered systems exhibit behaviors akin to those of living organisms in
relation to their environment, creating a dynamic compatibility between
themselves and their surroundings. The extent and manner of this adaptation
are not predetermined and no pre-planned strategy for it exists; rather, it is an
emergent and unplanned phenomenon that evolves over time. In the
conceptual model presented in Figure 4 in the subsequent section, we aim to
clearly and succinctly describe all aspects of a chaotic system.
This Figure synthesizes the core concepts and methodologies of chaos theory
and non-linear dynamics as applied to financial market analysis. It outlines a
suite of diagnostic tools—such as the Lyapunov exponent, BDS test, Hurst
exponent, and models like LSTAR and FIGARCH—used to detect hidden
order and deterministic chaos within seemingly erratic market data. The figure
underscores the fundamental principle that chaotic processes, characterized by
sensitivity to initial conditions (the Butterfly Effect) and strange attractors,
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originate from non-linear dynamical systems. By employing these non-linear
analytical techniques, the research aims to unveil latent symmetries and
predictable structures in international financial markets, thereby providing
empirical evidence that market fluctuations, though complex, may contain
decipherable patterns for improved trend prediction and risk mitigation.
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Figure 4. A Conceptual Chaos Model for Financial Markets
Source: Research findings

2.3 Contributions and Advancements to Financial Market
Forecasting through Chaos Theory

This study makes a significant contribution to the existing literature by
addressing a critical gap in the application of chaos theory to international
stock markets. While previous research has investigated non-linear dynamics
and chaotic behavior in financial markets, most studies still rely on linear
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models, overlooking the complexity and chaotic nature of market fluctuations
at a global level. By applying a non-linear dynamic systems approach,
specifically chaos theory, this paper introduces a new methodology for
modeling and predicting stock market trends across diverse international
markets. The research not only fills a crucial gap in financial market analysis
but also offers significant advancements in forecasting market behavior,
particularly during both stable and volatile conditions. Additionally, it
provides new insights into the potential of chaos theory to enhance the
accuracy of financial risk management practices, thereby making an impactful
contribution to both theoretical frameworks and practical applications in the
field of financial forecasting.

2.4 Efficient Market Hypothesis Against Chaotic Processes

Markets exhibit varying degrees of efficiency, with some information leading
to efficiency and other information to inefficiency. Fama (1970) categorized
stock markets into three levels of efficiency: poor efficiency, where past trends
in stock prices are reflected in prices, and no individual with this information
can earn a higher return than others; semi-strong efficiency, where public
information, including past stock price trends, is reflected in prices, and no
one can claim superiority in investment selection and higher returns; and
strong efficiency, where stock prices reflect all information, including
confidential information, preventing any individual from having an advantage
in investment selection. This research primarily focuses on information
efficiency, which is the third form of market efficiency in Fama's (1970)
classification, commonly referred to as semi-strong efficiency. Information
efficiency occurs when all publicly available information is fully and promptly
reflected in asset prices, enabling the market to quickly adjust to new
information. In this context, the study examines how the rapid dissemination
and incorporation of relevant market information contribute to the efficiency
of stock prices. Contrary to the efficient market hypothesis (EMH), which
assumes complex time series, such as market prices, are random and thus
unpredictable, research has rejected market efficiency at the weakened level
(Hkiri et al., 2021; Elango & Hussein, 2008; Robinson, 2006; Ahmadzadeh et
al., 2014). In this context, we discuss two characteristics of chaotic systems
that contradict EMH.

2.5 Predictability of market returns against EMH
The theoretical basis for predicting the prices of various assets and market
trends traditionally hinges on not accepting the efficient market hypothesis
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regarding market pricing (Ozer & Ertokatli, 2010). Conversely, based on the
theory of chaos, a new hypothesis, known as the fractal markets hypothesis, is
proposed, which opposes the efficient markets hypothesis to explain
phenomena in financial markets. The validation of the fractal markets
hypothesis relies on performing the largest lyapunov exponent test to ensure
the predictability of the studied series based on non-linear models, and
investigating the reverse largest Lyapunov exponent to determine predictable
time horizons.

2.6 The Existence of Long-Term Memory Against EMH

The existence of long-term memory in financial markets is a pivotal
theoretical and empirical issue. If markets exhibit long-term memory, there
will be significant autocorrelation between observations spanning a very long
period. Since these series are not independent over time, understanding the
distant past aids in predicting the future. The presence of long-term memory
in financial markets, as evidenced in the current research focusing on the stock
market, contradicts the weak form of the market efficiency hypothesis and
challenges the linear models of asset pricing. This suggests that non-linear
models should be employed in forecasting and pricing capital assets.

2-7. Research Background

Table 1 presents an overview of the background and key concepts of non-
linearity and chaos in financial markets, summarizing the theoretical
foundations, empirical evidence, and methodological approaches used to
analyze complex and chaotic market behaviors. This table provides a concise
reference for understanding how non-linear dynamics and chaotic patterns
have been studied and applied in financial market research.
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3 Methodology

This section presents the methodological framework of the study, which
incorporates sophisticated measurement methods, including the Lyapunov
exponent, Hurst exponent, and the BDS test. These tools were instrumental in
demonstrating the models and criteria of the chaotic process, facilitating the
validation of the non-linear trend and the identification of the most stable
model for long-term predictions.

The research employs Chaos Theory and non-linear analysis within the
stock market, leveraging empirical data from international markets to
scrutinize the presence of chaotic trends and non-linear processes within the
time series of 20 international stock price indices, spanning from January 1984
to January 2024. Through the application of predictability and non-linearity
tests, the study uncovers evidence of a non-linear process in the stock price
index. Additional tests, such as correlation dimension tests and cumulative
periodic tests, are conducted to evaluate the correlation between observations
and refine the analysis, acknowledging the chaotic nature of the stock price
index variable.

Following the validation of the stock price index's predictability, a set of
models was employed to analyze and forecast future market behavior. Linear
and long-memory properties were examined using ARFIMA, which allows
for modeling persistence in time series data. Conditional heteroskedasticity
and time-varying volatility were captured using the FIGARCH model, which
accommodates both long-term dependence and dynamic variance patterns. To
account for non-linear and regime-dependent dynamics, threshold
autoregressive models, including LSTAR and ESTAR, were implemented,
enabling the identification of state-dependent responses in market movements.
Each model was calibrated according to its respective estimation procedures,
and all were applied systematically to the reconstructed stock price series,
providing a robust methodological framework for capturing the complex
linear and non-linear features inherent in financial market fluctuations.

3.1 Definition of Chaotic Variables

Table 2 presents an overview of the key variables used in analyzing chaotic
behavior in financial markets. These variables include the Total Index (TI),
Volatility Index (VIX), Stock Return (SR), Price of Stock Index (PI), and
Volume of Stock Index (Vol). The table provides the definition and time
period for each variable, which varies for each country, with the trading days
ranging from a minimum of 5040 to a maximum of 9360. The data for these
variables are sourced from public websites, such as Yahoo Finance and
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Google Finance, while stock return data is derived from the authors' findings.
This information is essential for understanding the dynamic and potentially
chaotic nature of financial markets over the given time periods.

Table 2
Definition of Chaotic Variables
Variable Definition Full period Trading days Data source
TI Total index Different for each Minimum: Public website™™
country 5040
At least Maximum:
1984/2/4-2023/12/28 9360
VIX The volatility index ~ 2004/4/3-2023/12/28 4333 Public website™
SR Stock return Different for each  Minimum: Authors'
country 5040 findings
Maximum:
9360
Pl Price of stock index Different for each  Minimum: Public website*
country 5040
Maximum;
9360
Vol Volume of stock Different for each Minimum: Public website”
index country 5040
Maximum:
9360

Source: Research findings

Note: This table reports the information of chaotic indexes. The list of websites from which
sources are  extracted:  *website 1  (https://finance.yahoo.com),**website 2
(https://lwww.google.com/finance)/(google sheets).

3.2 Rationale Behind the Application of Non-Linear Methods:

ESTAR, ARFIMA, FIGARCH, and LSTAR

In this research, we employ four advanced non-linear modeling techniques:

ESTAR (Exponential Smooth Transition Autoregressive), ARFIMA

(Autoregressive Fractionally Integrated Moving Average), FIGARCH

(Fractionally  Integrated  Generalized  Autoregressive  Conditional

Heteroskedasticity), and LSTAR  (Logistic Smooth  Transition

Autoregressive) to capture the intricate non-linear dynamics inherent in

financial market data. Each of these methods is chosen for their ability to

model complex behaviors that linear models are often unable to represent.

1) ESTAR (Exponential Smooth Transition Autoregressive Model): This
method is particularly well-suited for modeling data that exhibit smooth
transitions between regimes. In financial markets, transitions between
different market conditions (such as bullish and bearish periods) are often
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2)

3)

4)

gradual rather than abrupt, and ESTAR effectively captures these
dynamics by modeling the smooth change in the market's behavior over
time. The non-linear structure of ESTAR allows us to observe how the
market responds to external shocks and volatility in a continuous, yet non-
linear manner, making it an ideal choice for time-series data that exhibit
such transitions.

ARFIMA (Autoregressive Fractionally Integrated Moving Average):
ARFIMA is used in this study due to its ability to model long-memory
processes that are common in financial time-series data. Unlike traditional
ARMA models, ARFIMA allows for fractional differencing, which means
it can capture both short-term and long-term dependencies in financial
data. This is particularly useful in financial markets, where past shocks
can have persistent effects on future market behavior, even over long
periods. ARFIMA’s flexibility in handling fractional integration makes it
a powerful tool for understanding and forecasting the behavior of financial
indices that exhibit such long-memory characteristics.

FIGARCH (Fractionally Integrated Generalized Autoregressive
Conditional Heteroskedasticity): FIGARCH is employed to model the
volatility clustering often observed in financial markets. This technique is
designed to capture the non-linear relationships between past volatility
and future volatility, a common phenomenon in financial markets where
periods of high volatility tend to be followed by more periods of high
volatility. The advantage of FIGARCH over traditional GARCH models
is its ability to model long-range dependence in volatility, making it
particularly effective for forecasting market risk and measuring the
persistence of volatility shocks over time. This method is crucial for
assessing the stability and risk associated with financial markets under
various conditions.

LSTAR (Logistic Smooth Transition Autoregressive Model): LSTAR is
a non-linear model that is particularly useful for detecting non-linearities
in time series data where there are abrupt changes or shifts in the
underlying structure of the data. In financial markets, these shifts often
manifest as sudden market crashes, rebounds, or transitions between
stable and unstable regimes. LSTAR is capable of capturing these regime
shifts through its logistic function, which allows it to model the market’s
response to various internal and external factors in a way that traditional
linear models cannot. By incorporating LSTAR, we are able to analyze
and predict market behavior in the presence of sudden shifts or volatility.
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3.3 Nonlinear Tests and Predictability of Time Series

3.3.1 The Kaplan Test

Although this test is used to check the existence of stochastic linear processes
against non-linearity; however, it has been discussed in chaos literature.
Kaplan uses the fact that determinable paths, unlike stochastic processes, use
the property that "points that are close to each other in the fuzzy space are also
close to each other". Kaplan's statistic is denoted by K = E(r). In fact, the
Kaplan test says:

limk =

> Kaplan table statistic® = Linearity is not rejected
lim E(r) 1)
e < Kaplan table statistic = Linearity is rejected

*Kaplan based his table on N (usually N=20) linear replaces which have
the same histograms and autocorrelation functions as the observed data. The
statistic in the table shows the minimum value that K must have (in linear
mode). to calculate it, we have to choose the average K obtained from N
replaces. for further reading, refer to Kaplan, 1994.

3.3.2 Runs Test

One method for testing the presence of chaos in time series involves assessing
the serial dependence of returns. Serial correlation pertains to the correlation
of successive returns over time. Among the tools used to identify serial
dependence is the runs test, which is a non-parametric test. This test involves
listing the number of consecutive positive and negative returns of the
investigated variable and, conversely, testing and comparing the randomness
hypothesis of the sample distribution. In this test, if the series of positive and
negative returns exceeds the expected series, it indicates the existence of a
non-random pattern in the stock price trend. Specifically, when the sign of
autocorrelation changes between the residuals of the time series, a new series
is formed. The total number of positive and negative cases created in the series
is counted, followed by calculating the expected number of series and their
standard deviation through a specific formula.

E(R) = 1 +210®2) 4 4 The number of dynasties (2)

nit+n,

5= \/ 2ny ny[2(ng ny)—ny — nyJ

(ny1+n3)? (ny+n,-1)

Standard deviation of the dynasty (3)

or
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runs ~ N (u,02)

2NN~
p=—t+ 1 4
o2 = W D=2
N-1

n= total sample size, n1= the number of observation of one type, n2= the
number of observation of other type.

To determine whether the order of data is random, compare the p-value to
the significance level. Usually, a significance level of 0.05 works well. p-value
> 0.05 = HO Rejected and H1 Accepted, p-value < 0.05 = H1 Rejected and HO
Accepted.

Test hypotheses:

HO: Returns on stock prices are random.

H1: Returns on stock prices are not random (Confirmation of serial
correlation).

3.3.3 Kolmogorov Entropy

This test is based on the characteristic that a random process is not very
sensitive to initial conditions. In fact, the Kolmogorov entropy or K entropy
test, quantifies the concept of sensitivity to initial conditions. now, consider
time series that are infinitely close to each other and, on the other hand,
unpredictable to each other. in an chaotic model, as time passes, these two
paths diverge and become distinguishable from each other. Kolmogorov
entropy [K,], measures the speed of this event. the new version of this
criterion, which was presented in 1983 by Grassberger and Procaccia, as
follows:

M
CM+1(£)] (5)

K, = lim lim limLn [
£—00 m—oo T—oo
K2= Kolmogorov Entropy, C (&)= Correlation integral with dimension
M, Ln= Natural Logarithm, m is taken as the number of nearest degree, € as
the embedding dimension, T= time series.

If a time series is not complicated and be completely predictable: K, — 0.
if the time series is completely random: K, — oo. In fact, the lesser K,= the
degree of predictability of the system will be higher. in summary, there is the
following relationship for chaotic systems: 0 < K, < oo .

3.3.4 Brock's Test
Brock and Sayers demonstrated in 1988 that if a system exhibits a chaotic
process, applying either a linear or a smooth non-linear transformation to the
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observations does not affect the obtained correlation dimension. However, if
the system does not exhibit a chaotic trend, these transformations will have an
impact on the system. Consequently, calculating the correlation once on the
original data and then again from the residuals remaining after a linear fit (such
as AR) and comparing these two numbers can serve as a test. If these two
numbers are similar, it suggests the system is chaotic, whereas if they are
different, it indicates the system is non-chaotic.

3.3.5 Correlation Dimension Test

The Correlation Dimension test was introduced by Grassberger and Procaccia
in 1983. This algorithm is based on the concept of fractal dimension, a concept
that originates from fractal geometry in relation to self-similarity, and has
extensive applications in identifying and describing chaotic phenomena.
Simulation, in this context, refers to imitation. A model simulator should be
able to replicate the structure of a system and generate its behavior. The act of
generating behavior does not only mean that the model replicates past
observations but also that it can respond to entirely new events and policies.
The correlation between variables reflects the system's state in the past.
Correlation dimension is a conventional method used to determine the chaos
of a system and quantify its chaotic behavior. This quantity will take on an
irrational number for chaotic systems. If we consider a sphere with radiusR
around specific data points, the number of points within this sphere,
disregarding its center, can be expressed as follows:

TV e (R - Ix()x()) ©)

Where N denotes the length of the data domain, and ©(x)represents the
characteristic function.

1
N(N-1)

CR) =

o0 ={i Y3, 9

When the values of R approach zero, the rate of change of C(R)can be
expressed as:

C(R) = Il?i_r)r(l)kRDC (8)

By solving the above equation, the value of D is obtained
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. In C(R
D¢ = lim ®
R—-0 InR

(9)

In this context, D represents the correlation dimension. Since the data set
is not continuous, the values of R cannot approach zero too closely (no point
will be found inside the sphere). To assess the chaotic behavior and estimate
the appropriate correlation dimension, one can plot the diagram of In C(R)
versus In R. The slope of the linear portion of this diagram provides the value
of Dc. If D¢is an irrational number, this indicates one of the key criteria for the
system being chaotic.

3.3.6 Variance Ratio Test
The "Variance-Ratio" serves to determine whether the variances of two
populations from which samples have been drawn are equal or not. The
formula for calculating the Variance Ratio Test is as follows: Lo and
Mackinlay (1988) introduced the variance ratio test to examine the differences
in variances between two populations. The formula for calculating the
variance ratio is:
variance ratio = M -1
kxdaily variance

variance ratio ~ N(0,c?) (10)
o2 = 2(k-1)(2k—-1)

3kn

3.3.7 Lyapunov Exponent

The Lyapunov exponent quantifies the rate at which infinitesimally close
trajectories diverge over time. Specifically, it measures how rapidly a very
small space between two conditions, initially closed, expands over time. The
formula utilized for calculating the Lyapunov exponent is as follows:

Ft(xo + &) — Ft(x,) ~ ge?t (11)

the left side of this equation is equal to the distance between two initially
closed sets, after t step. and the right side of the equation represents the
assumption that the distance grows exponentially over time. amount of
exponent A that measured over a long period of time (ideally t—o0), which is
the same Lyapunov exponent. if 4 > 0, then the small distances grow
indefinitely over time, which means that the "Stretching Mechanism" is
effective. also if 4 < 0, small distances do not grow indefinitely. in other
words, system will be gradually deployed in an alternate route.

Indeed, the Lyapunov exponent test is grounded in the characteristic of
chaotic series where adjacent points in these series diverge over time. The
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Lyapunov exponent quantifies this divergence through an exponential
function. The calculation of the Lyapunov exponent measures the degree of
kurtosis in the system's movement. Specifically, it assesses the average speed
at which two initially close trajectories exponentially diverge from each other.
If the largest calculated Lyapunov exponent yields a positive value, it indicates
that the system exhibits chaotic behavior. The calculation method is as
follows:

If there is following relationship between X,,and X, ,1:

Xn1 = f(Xn) (12)

we can represent the distance between X, and X, + ¢ by € and the distance
between f™(X,) and f™(X, + ¢ ) by the exponential function ge™Xo)  in
other words:

ge 0 = |f(X, + &) — f™(Xo)] (13)

The Lyapunov exponent is a measure that quantifies the rate at which a
very small space between two initially close points in a chaotic series diverges
over time. Specifically, it assesses the average difference between adjacent
points in each iteration, denoted as ee™X0), where (A) is the Lyapunov
exponent. This feature of chaotic series, where adjacent points diverge
exponentially over time, is the basis for the Lyapunov exponent test. The
calculation of the Lyapunov exponent is performed by measuring the amount
of kurtosis in the system's movement. Essentially, this method evaluates the
average speed at which two initially close trajectories exponentially deviate
from each other. If the largest calculated Lyapunov exponent has a positive
value, it indicates chaotic behavior. The calculation method involves the
following formula:
A(xy) = lim lim = log | M

e->0n—-ooN

or

af™(xo)

Alxg)= llm log| (15)

we can also define the Lyapunov exponent as follows:
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n-1
M) = lim 2 " In | LD (16)
i= i

The phrase enclosed within the||, represents the average difference
between adjacent points in each iteration. The value of the Lyapunov
exponent, denoted by (L), is positive for chaotic series and negative otherwise.

To estimate the Lyapunov exponent, the Jacobian matrix method can be
utilized, as presented by Nychka et al. (1992) and detailed in the following
section:

The Jacobian matrix is a matrix of partial derivatives, and its determinant,
known as the Jacobian, contains all partial derivatives of a vector function.
The primary application of the Jacobian is in the transformation of
coordinates.

Xt feor s o5 Xemmr) et

Xt—L Xe—L 0
= ) +|° a7

Xt—mL+L Xt—mL+L 0

where L is the time delay and m is the autoregression length. e; also
represents a sequence of independent random variables with zero mean and
constant variance.

Xe = F(X;_) + E;
| Xm — Xl = | FM(Xo) — FM(Xo)|=|(DFM)x, (Xo-X0)| (18)
| Xm —X1’\/1| = | TM(XO—X(’))l
A= lim — In| lnvy(M)|
M- 2M

It is important to note that the Lyapunov exponent primarily describes the
stretchiness of the system, but stretchiness is not the sole mechanism
underlying a chaotic system. Therefore, we conclude that the "folding"
mechanism is not accounted for in the Lyapunov exponent.

s . . cMe)
K = lim Jim limin |G (19
3.3.8 BDS Test

The BDS test, introduced by Brock et al. (1987), is designed to detect whether
a random sequence is independently and identically distributed (i.i.d.). This
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nonparametric test tests the null hypothesis that the data is i.i.d. against an
unspecified alternative, serving as an indirect method to test non-linearity. The
BDS test is employed to determine the absence of dependence and to test the
residuals obtained from non-linear structures after removing the linear
structure from the previously filtered data. It evaluates the time series against
the presence of general correlation, thus assessing the potential for a general
non-linear process, including chaotic processes, within the observed time
series. In fact, the BDS test can serve as a test for nonlinearity or as a test for
model mis-specification. The test is formulated as follows:

Im[cM(e)] =t (" (20)

Where CM(¢) represents the correlation integral with a dimension of (M).
The BDS statistic is based on the standardized difference between these two
correlation integrals, which follow a normal asymptotic distribution and are
described as follows:

Wi (e) = (T[CF' (e) = C1(e) /o7 ()]}/? (21)
The methodology for conducting the BDS test involves the following
steps:

1) We Extract the linear process of the time series using a model such as
ARFIMA.

2) We Calculate the W statistic for the model residuals.

3) If the calculated W statistic is significant, the randomness of the time
series is rejected, implying the presence of a nonlinear process in the
model.

Brock et al., (1987) demonstrated that the BDS test is more powerful than
other tests, provided that the available data are 500 or more, M is 5 or less,
and ¢ is between 0.5 and twice the standard deviation of the data.

3.3.9 Hurst Exponent
The Hurst exponent measures the long-term memory of a time series,
reflecting how autocorrelations decrease with increasing lag between values.
The R/S method, introduced by Hurst (1951), calculates the ratio between the
range of the signal and its standard deviation, offering a key tool for analyzing
the persistence in time series.

The test involves considering the time series X = X; ... X,,. Initially, the
scale of the data is normalized or changed as follows:
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Z, =X, —X,).r=1..n (22)

Xm: Series average. in the next step, a new time series is calculated as
follows.

Y,=0CZ,—-Z)r=2..n (23)

Since the mean of Z is zero, the last value of Y, ie Y, , will always be zero.
The adjusted domain will be equal to:

R, =max (Y; ... ¥)-min(¥; ... ¥})) (24)

Given that the mean of (Y) is zero, its maximum will always be greater
than or equal to zero, and its minimum will always be less than or equal to
zero. Consequently, the adjusted domain (R,, ) will always be non-negative.
Hurst defined the following relationship:

(R/S)n: anf (25)

The formula for calculating the Hurst exponent, denoted as (H), involves

several key components:

— (R): The rescaled domain, which is the range of the first (n) cumulative
deviations from the mean.

— (S): The standard deviation of the time series.

— (a): A constant number.

— (n): The number of observations.

— (H): The Hurst exponent.

(R;:)n=log HHHIlog(n) (26)
or
log(R/S)n, =loga+ H log(n) (27)

The Hurst exponent coefficient (H) can be estimated through regression
analysis. In practice, the Hurst exponent is determined by performing a
regression analysis. Based on the results of the Hurst exponent, a value of 0.5
indicates an independent process; a value between 0.5 and 1 suggests a durable
time series with extremely long-term memory; and a positive number less than
0.5 indicates the unsustainability of the process.
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3.3.10 Artificial Neural Network Test
The Atrtificial Neural Network (ANN) model serves as a tool for identifying
dynamic nonlinear processes, including chaotic processes, within data. These
models are capable of estimating and predicting complex nonlinear time series
with satisfactory accuracy. An ANN typically consists of three layers: input,
intermediate, and output. Input data is connected to the output layer either
directly or indirectly through transfer functions in the intermediate layer. The
direct relationship of the linear part and the relationship mediated by the
intermediate layer define the nonlinear part of the model. One of the notable
advantages of ANN is its ability to learn by observing data sets, which allows
it to estimate random functions effectively (Chan et al., 2000).

A generalized Artificial Neural Network model (including a linear
component) can be represented as follows:

y=[30+x6+2f G(ij)[)’j+£. j=1....q (28)
1 —~ _1
z=[T EZ?:;I Gee ] = w1 [T 2Z{=1Gt et]

1
where W is the compatibility estimator of W = var ( T2y, G et)

To mitigate the issue of collinearity between (x) and (G) elements, the
primary elements of (G) that are not correlated with (x) can be substituted for
(G). In this scenario, an alternative statistic, which is simpler to calculate than
the Z statistic, is described below:

TR? - x%(q) (29)

T: Total observations. R?: The correlation coefficient obtained from the
linear regression of (e) residuals is on the main components of G, which are
not correlated with x. If this statistic for a time series is greater than the critical
values given in the chi-square distribution, it indicates the presence of a
dynamic nonlinear process in the data. Otherwise, the data follows a linear
process. It is important to note in this test that the rejection of the null
hypothesis does not necessarily imply the existence of chaos in the data.

4 Empirical Analysis

In this section, we discuss the potential for predicting stock market trends
using various tests and models, with the aim of selecting the most effective
test and model for forecasting long-term trends in international stock markets.
Our analysis evaluates the predictive power of these methods. Ultimately, we
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conduct robustness checks at longer horizons to analyze the non-linear trend
and the predictability of market trends under different conditions.

4.1 Descriptive Statistical Results
In Table 3, descriptive indicators such as mean, maximum, minimum,
skewness, kurtosis, and standard deviation are presented. The objective of
examining research variables descriptively is to understand the distribution
and specific characteristics of each variable. The calculated average values of
price indices and cash yield over the studied period indicate a bullish trend for
the studied indices. However, the calculated standard deviation reveals the
dispersion and fluctuations within these indices.

The calculated skewness and kurtosis values suggest that the distribution
of the price index and cash yield exhibit greater skewness and kurtosis than a
normal distribution. The standard deviation (o) is a dispersion index that
measures how far the data are on average from the mean. A small deviation
indicates that the data are close to the mean and exhibit little dispersion,
whereas a large deviation signifies significant dispersion. Based on the
calculated standard deviation, it can be concluded that the data are close to the
average and exhibit little dispersion.

4.2 The Results of The Correlation Dimension Test

Table 4 presents the results of the correlation dimension test. Given that the
calculated correlation dimension n (...< n <...) is not within the obtained
range, the null hypothesis that stock price returns are random is rejected. This
rejection confirms the existence of serial autocorrelation (predictability) in the
stock price index.

4.3 The Results of The Hurst Exponent

Table 5 presents the results of the Hurst exponent analysis. Given that the
calculated Hurst characteristic falls between 0.5 and 1, it indicates a durable
time series with very long-term memory. In other words, it demonstrates the
non-random nature of the stock index and the daily predictability of stock
prices. Figure 5 illustrates the calculated Hurst exponent for each index.

4.4 The Results of The Lyapunov Exponent

Table 6 presents the results of the Lyapunov exponent analysis. Given that the
Lyapunov test results are positive for both the direct method and the Jacobian
method, the conclusion that the stock market trend exhibits a chaotic process
is supported. Furthermore, due to the high sensitivity of these values to initial


http://dx.doi.org/10.66224/jme.20.2.275
http://jme.mbri.ac.ir/article-1-703-en.html

[ Downloaded from jme.mbri.ac.ir on 2026-06-08 ]

[ DOI: 10.66224/jme.20.2.275 ]

314 Money and Economy, Vol. 20, No. 2, Spring 2025

conditions, any chosen initial point will result in paths diverging quickly, with
no fixed point or alternating cycle. Figure 7 illustrates the calculated
Lyapunov exponent for each index.

4.5 The Results of The Runs Test and Variance Ratio Test

The Runs Test is a statistical procedure used to determine whether a sequence
of data within a given distribution has been derived from a random process or
not. Table 7 presents the results of the Runs Test. The Variance-Ratio Test is
another statistical method that assesses whether the variance of two
populations from which samples have been drawn is equal or not. Table 8
displays the results of the Variance-Ratio Test. Additionally, the variance ratio
test results for four time series are presented in Figure 6.
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Figure 5. Hurst Exponent Results
Source: Research findings
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St omxam

Figure 6. Variance Ratio Test for Four Time Series
Source: Research findings
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Figure 7. Lyapunov Exponent Results
Source: Research findings

4.6 The Results of BDS Test

The BDS test is designed to detect whether a random sequence is
independently and identically distributed (i.i.d.), with the results reported in
Table 9. This nonparametric test tests the null hypothesis that the data are i.i.d.
against an unspecified alternative, serving as an indirect method to test non-
linearity. The BDS test is employed to determine the absence of dependence
and to test the residuals obtained from non-linear structures after removing the
linear structure from the previously filtered data. It evaluates the time series
against the presence of general correlation, thus assessing the potential for a
general non-linear process, including chaotic processes, within the observed
time series. In fact, the BDS test can serve as a test for nonlinearity or as a test
for model mis-specification, as evidenced in studies conducted by Brock et
al., 1987.
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4.7 The Results of The Unit Root Test

Table 10 illustrates that at significance levels of 1%, 5%, and 10%, the
Dickey-Fuller statistic for the growth rate of the stock price index exceeds the
critical values in absolute value, indicating statistical significance. Therefore,
the null hypothesis regarding the existence of a unit root is rejected. This
suggests that the stock price return series is stationary, implying that it does
not follow a random walk and shows mean reversion over time.

4.8 The Results of ARFIMA Model

To determine the most suitable model for the growth of the stock price index,
the model was fitted with varying intervals, and the results are presented in
Table 11, where the optimal ARFIMA model (4, d, 4) and the estimated
coefficients are reported at a significance level of 10%. The results indicate
that all coefficients are statistically significant, suggesting that the growth of
the stock price index in the examined indices exhibits long-term memory, with
shocks to these indices taking a significant amount of time to dissipate.

To further investigate, model tests for Goodness-of-fit, normality, and the
presence of heteroskedasticity effects were conducted. The test related to the
normality of the distribution of observations and residuals of the model
revealed that the distribution is not normal. Additionally, the test related to the
existence of heterogeneity variance effects in the model demonstrated the
presence of heterogeneity variance effects in the residuals of the model,
indicating that the model variance should be proportional to the model.
Consequently, the model is re-estimated, taking into account the effects of
heterogeneity variance.

4.9 The Results of FIGARCH Model

In assessing the stationarity of the model, it is possible to determine whether
the growth series of the stock index exhibits stationary or non-stationary
behavior. This assessment requires fitting a model such as FIGARCH, which
results in autoregressive intervals and moving average, ARCH, and GARCH
components. According to Akaike and Schwarz statistics, the best-estimated
model is ARFIMA (4, d, 4) — FIGARCH (2, d, 1), as adding other breaks
prevents the model from converging. Table 12 presents the results of the
FIGARCH model, showing that all coefficients are significant. Since the sum
of the positive coefficients is less than one, this indicates the stationarity of
the covariance process of the conditional variance. The sum of the coefficients
close to one in the model indicates the stability of the shocks and their long-
term memory, with the coefficient d also confirming this. Additionally, tests
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related to the normality of the distribution of the residuals and the existence
of heterogeneity variance effects in the model were reported. The results
indicated that the distribution of the residuals was slightly different from the
normal distribution, and the residuals of the model did not exhibit
autocorrelation. Finally, the test of heterogeneity variance effects indicated
that the model does not exhibit heterogeneity variance effects. On the other
hand, the forecast made with a one-step-ahead process for ten periods is
reported in Table 13.
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2.345
2.219
2.246
2.252
2.282
2.467
2.408
2.298
2.376
2.327
0.248

t-Value
2.386
2.484
2.413
2.701
2.457
2.365
2.637
2.377
2.582

Std. Error
0.17584
0.18826
0.17542
0.17357
0.17492
0.17549
0.18957
0.17416
0.17169
0.18827
0.17548
0.17313
0.17856
0.173956
0.18965
0.17563
0.17822
0.17231
0.18549
0.1746

Coefficient
0.432471
0.462597
0.428796
0.448136
0.432187
0.432879
0.462103
0.421365
0.453297
0.438891
0.460132
0.432165
0.456527
0.441268
0.439561
0.427123
0.428795
0.427119
0.436591

0.4486
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OMXSPI
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SYMBOL
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China

Canada

Denmark
France

Finland

Germany

Australia
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India
Italy
Japan
Spain
South Korea
Sweden
Swiss
TURKEY
UK

Country/
Region
Hong Kong

4.10 LSTAR Model Results

In certain processes, the assumption of drastic changes around the threshold
point may not be reasonable; instead, the rate of adjustment may exhibit a non-
linear pattern. In Self-Exciting Models of Smooth Transition (STAR), the self-
exciting parameters vary slowly. The model is fitted in two modes: standard
mode and transition mode, with the width coefficient from the origin of the
model and gamma multiplier fitted for the logistic mode. The results indicate
that the coefficients were evaluated based on the prob value; finally, gamma
and p coefficients are also significant. Furthermore, by storing the residual of
the model, appropriate tests of the model fit were performed, including a test
of the presence of autocorrelation in the model, which indicated that the fitted
model does not exhibit autocorrelation at any level. Finally, the STAR model
was tested, and the results are presented in Table 14. The test results show the
presence of smooth transition effects in the model. Based on HO, which
represents the only first-order interdepartmental interaction, the null
hypothesis is rejected, and it can be pointed out that there are first- and second-
order part interactions in the model. A feature of the LSTAR model is that in
this model, the behavior of variables can be modeled symmetrically; therefore,
this model can be used in investigating the behavior of variables. The Smooth
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Exponential Transition Autoregressive model is defined by the following
transfer function.
LSTAR:
1

F(St,y,c) = ———— (30)
1+exp[-y(s¢—c]
where F is the transition function, S; is the transition variable, y is the slope
parameter, and ¢ is the middle parameter between states. In the ESTAR model,
whenever y tends to zero or infinity, this model becomes a linear

autoregressive model; because in this case, the transfer function will be
constant and otherwise, this model will show nonlinear behavior.

4.11 Results of the ESTAR Model

The ESTAR model is estimated for a variable with a constant number of
breaks, which aligns with the LSTAR model in terms of the standard model
and transition mode. The width coefficients from the origin of the model and
the gamma coefficient for the logistic mode are also considered. The results
indicate that the desired coefficients are related to the width from the origin,
with gamma being significant as well. Robust statistics of the model fit,
including the Durbin-Watson statistic and the coefficient of determination,
suggest the absence of autocorrelation and indicate a high explanatory power.
Table 15 presents the results of the ESTAR model.

4,12 VIX

Fluctuations in the stock market are a natural consequence of the rise and fall
in share prices. Investors utilizing the VIX index can mitigate their investment
risk to a certain extent, minimizing potential losses. Consequently, it is evident
that an increase in market volatility leads to a rise in the demand for put
options, further exacerbating market fluctuations. In such scenarios, the VIX
index serves as a valuable tool for evaluating investor fear. It's important for
market participants to note that if the VIX index reaches its lowest level, it
may signal that the stock market has peaked, while simultaneously, the
creation of price bubbles increases the likelihood of a market crash. At this
juncture, share prices tend to rise in a bubble, causing shareholders to express
significant concern about their investments in the stock market. Therefore, a
low VIX index value may indicate the onset of a recession in the stock market.
Conversely, a high VIX index value suggests that the market is at a low point,
potentially marking the beginning of market growth. Generally, an increase in
the VIX index value indicates a rise in future market shareholder fear, leading
to a decrease in the stock index, and vice versa. We conclude that the
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correlation coefficient between the stock market and the VIX index is
negative. Additionally, it's crucial to remember that the VIX index is a critical
tool for predicting the state of international markets, enabling market
participants to make informed decisions at the right time.

DJI

> & &l &

MJM}MA MJ\"““WJVMMM’ i A
—— i 157 TEPIRAFV P e Wi T
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Figure 8. Comparison of Return Differences with the VIX Index
Source: Research findings

In Figure 9, we compare the indicators examined in this study with the VIX
index and present the results. Additionally, Table 16, as presented in the
appendix at the end of this article, outlines the considered ranges for the VIX
index. Conversely, in Figure 8, we compare the return differences with the
VIX index.

4.12.1 VIX Limitations

The VIX index is highly sensitive to market conditions and can be influenced
by factors such as investor sentiment, geopolitical events, and economic data
releases. This sensitivity can lead to sudden spikes or drops in the index,
making it challenging to rely on as a consistent measure of volatility. Investors
should be cautious when interpreting the VIX index, as it can be prone to
short-term fluctuations that may not accurately reflect long-term market
trends. In fact, while the VIX is a powerful tool for assessing market volatility,
it has its limitations. One of the most significant disadvantages is that it is
calculated based on market fluctuations rather than on a base asset.
Consequently, verifying and calculating its fair value is not straightforward
and presents numerous complications.

4.13 Choosing the Best Model

For evaluating the accuracy and prediction errors of models, criteria such as
RMSE, MAE, MSE, and MAPE are commonly used. These metrics measure
the difference between actual and predicted values in various ways. They are
primarily employed to assess the forecasting power of models on data,
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whether within-sample or out-of-sample. Comparing models based on these
metrics is logical and common, especially when the goal is to predict future
or unknown values. The lower these values, the greater the accuracy of the
model in its predictions. Based on the comparison of these statistics, it can be
concluded that the FIGARCH model, which captures long-term memory and
volatility changes, exhibits superior forecasting power. Moreover, a
comparison of the LSTAR and ESTAR nonlinear models shows that there is
a statistically significant difference between the two, with the ESTAR model
demonstrating stronger predictive ability. Table 15 provides further
clarification on this issue.
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Figure 9. Examining the Time Series of the VIX and Studied Indices
Source: Research calculation


http://dx.doi.org/10.66224/jme.20.2.275
http://jme.mbri.ac.ir/article-1-703-en.html

Money and Economy, Vol. 20, No. 2, Spring 2025

338

sBuipuly yoessay :82in0S

) g El S ) v 9 3 g

8600 L1120 9T0 7900 SIT'0 1520 8220 6L00 S2T0 682°0 SYZ'0 1600 SST'0 GEE0 162°0 0T'0 82/21/€202-¥0/20/v86T 3s14 N 0z
< S 6 v L] 13 T v v T

6L00 120 €6T'0 L1900 SIT'0 290 LET0 .00 6210 820 1820 9600 6ST'0 G6E0 620 0T'0 82/21/€202-T0/¥0/0002 00T 1S19 AENL 6T
9 g S 9 S V) 9 ) € 13 v 14 13 g

900 o vLT0 900 0800 8520 6€2°0 900 6ET'0 S120 9710 1500 ¥ST0 vLE0 2820 00T'0 S0/T0/¥202T0/€0/T66T INS SSIMS 8T
g 9 4 k] 8 ) )

600 9T2'0 89T'0 7900 8800 8520 v2z0 .00 ZET0 01’0 89T'0 SS0'0 LST'0 8YE0 9620 80T'0 T€/L0/€202-LT/L0/6002 1dSXWNO uapams LT
9 T v 19 < g € \4 € g

.00 STZ0 86T'0 2900 9800 8920 £200 .00 2o 020 9T'0 S50'0 6ST'0 68E°0 9620 60T'0 82/21/€202-TT/0T/0T0Z 1dSOM B3I0Y IO 9T
v v 6 g v € < g

800 0120 S8T'0 6900 GL00 8520 8ET0 900 8210 L1270 89T'0 500 9ST'0 6260 682°0 80T'0 50/10/¥202-10/€0/0002 x3al ureds ST
S S 6 o L} Ll g 4 S T

6800 Y120 610 S90'0 2800 9200 §2Z0 SL00 9210 S0Z'0 8LT'0 500 S9T'0 0 9620 2010 62/21/€202-T0/v0/T66T 1IN uedep 143
6 v < g € A S )

1800 0120 910 2900 9800 9520 §7440] 8L00 prani} 020 SST'0 500 LSTO 29€0 1620 90T'0 82/21/€202-90/10/6002 EIIE] Arew €T

v v 6 g v € 13 S [4 E]

2800 €120 €6T0 G900 G800 1520 9220 €L00 8ET'0 020 2910 9500 €970 98E°0 962°0 T0T°0 62/21/€202-10/20/066T NS3s9 elpuj k13
S 9 13 4 S 9 4 S 9

6800 STZ0 vLTO 2900 1800 520 €20 .00 S2T0 912'0 910 6900 LSTO v6E°0 6820 010 S0/T0/v202-10/20/L86T ISH Buoy buoH 11
g 9 13 S v 13 13 S v 9 v

1800 1220 S9T'0 7900 7800 6520 §7440] .00 prani} 210 9T'0 SL00 9ST'0 0 S62°0 L0T0 S0/T0/v202-T0/v0/886T Xvas Auewsa 0T
9 g 6 6 6 < ) \4 [4 \4 6

800 weo 0LT0 900 0800 9520 0920 6L00 YET0 L1270 ro €900 €970 29€0 0620 S0T'0 82/21/€202-LT/L0/6002 IdHXWO puejuiy 6
S 13 13 S 4 13 S 13 € ) €

€600 6120 96T'0 1900 8L00 290 8220 8L00 LETO jardil 89T'0 500 9ST'0 6EE0 <820 9010 82/21/€202-20/T0/866T IHO4 aouelq 8
5 ¥ v 7 7 r 3 v 7 5 T ¥ 7 v ¥

0600 9€2°0 £9T'0 1900 8L00 25820 vzzo .00 TET0 00Z'0 69T°0 9500 ¥oT'0 6SE0 <820 v0T0 82/21/€202-T0/£0/0002 02ZOXWO Jewusq L
9 < Z ] v v ] )

9600 G120 SLTO 6900 100 0sz'0 9€20 200 9ET'0 90Z'0 89T'0 1900 8ST'0 TPE0 982°0 60T°0 82/21/€202-01/50/9002 XL1dSO ‘epeued 9
13 S 6 v S ) 13 ) g

1600 L1020 86T'0 €900 1800 ¥SZ0 6€2°0 .00 8210 6120 LT 2500 ST'0 SYE0 €820 2010 50/10/v202-T0/S0/866T 3ss Ll Ve S
5 v - 5 5 5 : 5 v 5 v 7 7 z

800 0120 S6T'0 S90'0 8800 9520 §220 .00 ZET0 2z o S8T'0 S50°0 09T'0 LYE0 620 80T'0 82/21/€202-50/60/9002 AOogl 14
v 13 S 13 13 13 v v v g

2800 9120 S8T'0 G900 2800 1520 9€20 200 9210 00Z'0 S9T'0 SS00 18T0 9E€0 1820 60T°0 62/21/€202-02/L0/6002 139 wnibjag €
6 9 13 13 T 4 S g 4

600 8120 96T'0 S90'0 8800 6520 vzzo .00 prani} S1Z20 29T0 1500 6ST'0 SYE0 162°0 v0T'0 62/21/€202-10/20/866T ira BIBWY N
T T T v 5 v ¥ v 5 < : < s

1600 Y120 810 2900 1800 9520 §ezo 200 sero ez o vLT0 €500 8ST'0 SYe0 S62°0 90T0 62/12/€202-01/20/0002 XSV elEAsSNY T

< < 2} < < 123 < < %3 < < [%)
s B8 Sw (e SR 34 Sw Bw 3¢ B4 Sw (Bw [S® 2y Sw [Su
ooy
yvis3 gvisd HOYVOId YNIZHY loquiAs /Aunod ar

Auiqe aARoIpaad S[apow au Bulen|ens Jo synsay ‘ST a|qeL

[ 80-90-920z o JrJe’uquraw | woly papeojumoq |

[s/2z0zawlrzeo90T ;104 ]



http://dx.doi.org/10.66224/jme.20.2.275
http://jme.mbri.ac.ir/article-1-703-en.html

[ Downloaded from jme.mbri.ac.ir on 2026-06-08 ]

[ DOI: 10.66224/jme.20.2.275 ]

First Author et. al. / The Title Title 339

5 Discussion and Conclusion

The advent of significant advancements in computational tools over the past
few decades has enabled the application of theories predicated on the
existence of specific nonlinear patterns or seemingly random chaos. The
application of chaos theory within the financial markets, particularly in the
stock market as highlighted in this study, posits that prices in these markets
are governed by a certain non-linear relationship, which can be predicted with
accuracy if the initial conditions are known. This research employed various
tests to investigate the chaotic process of the stock price index's time series.

Each test introduced has its own set of limitations and advantages, and by
conducting a selection of them, we have gained a deeper understanding of the
conditions that govern the data, as well as the predictability of market
movement trends. Indeed, chaos theory, a complex mathematical theory, seeks
to elucidate the influence of seemingly insignificant but undeniable factors on
chaotic or random events that ultimately impact investor decision-making,
stock price forecasting, and market movement trends. Accepting the chaotic
process of the stock market is equivalent to acknowledging its inefficiency, at
least at the first level of efficiency. Despite the undeniable evidence of the
non-linear nature of the price index in the stock market, there remains a
considerable distance to definitively prove the existence of this property.

Given the limitations and advantages of each test mentioned in this article,
we conducted various tests to better understand the data. The findings indicate
that the stock price index, investigated from January 1984 to January 2024,
exhibits a dynamic non-linear process with short-term predictability.
Consequently, based on the investigations and confirmation of the hypotheses
that the stock price index in the investigated markets is non-random and
possesses a non-linear structure, and the existence of chaos is confirmed, the
results of the tests presented in Table 15 demonstrate the predictive power of
the models. Specifically, for long-term forecasting, the FIGARCH and
ESTAR models, as shown in Table 15, are found to have higher reliability.

In comparison to previous studies, the results of this research align with
the growing body of work suggesting that the prices of financial market
indices are governed by non-linear processes and chaotic dynamics. However,
while the evidence for the non-linear nature of the price index in the
investigated financial markets is undeniable, this study further supports
previous research that confirms the chaotic behavior in financial markets. The
use of advanced forecasting models such as FIGARCH and ESTAR provides
new insights into the short-term predictability of financial market indices,
which were examined in prior studies with varying degrees of accuracy and
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predictive power. Unlike traditional linear models, which are limited in
capturing the complexities of financial markets, this research confirms that
incorporating non-linear methods offers a more robust framework for
forecasting market behavior. While some studies have pointed to the
inefficiency and random-like nature of financial market indices, this research
enhances our understanding by providing empirical evidence of the non-
random, non-linear structure of market index movements. Therefore, the
findings contribute to a more nuanced perspective on financial market
dynamics, offering implications for investors who seek to develop strategies
that account for the inherent unpredictability and chaos of financial market
indices.
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Appendix 1

In Table 16, the different ranges of the VIX index and investors' perspectives
on future risks are analyzed. The table divides the VIX index into three
categories: "less than 12," "between 12 and 20," and "above 20." For each row,
investors' and shareholders' views on the future and their assessment of risks,
ranging from "low risk™ to "high risk," are examined.


https://doi.org/10.1016/S1062-9769\(02\)00190-4
https://doi.org/10.1016/S1062-9769\(02\)00190-4
http://dx.doi.org/10.66224/jme.20.2.275
http://jme.mbri.ac.ir/article-1-703-en.html

[ Downloaded from jme.mbri.ac.ir on 2026-06-08 ]

[ DOI: 10.66224/jme.20.2.275 ]

First Author et. al. / The Title Title

345

Table 16
VIX index ranges

anges Less than 12

Row

Between 12 and 20

Above 20

1 Low risk

Balanced risk from
the future

high risk

Investors' view on the future

2 Shareholders are
optimistic about the future

Balanced risk from
the future

Shareholders  are not
optimistic about the future

Source: Research findings

Appendix 2

Table 17 provides the abbreviations and definitions of key terms related to the
study, including the volatility index, stock market, total index, stock return,
price of stock index, and volume of stock index.

Table 17
Abbreviations
VIX Volatility Index
SM Stock Market
TI Total Index
SR Stock Return
PI Price of Stock Index
Vol Volume of Stock Index

Source: Research findings
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